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NOTE 
Representatives of Subsets 
Communicated by Paul Erd6s 
There is a theorem of E. Harzheim [see ref. 1] as follows: 
THEOREM. Let ~ be a positive integer. There exists an integer n ~- n(o 0 
so that, for any set A of n elements and any mapping f of all the non-empty 
subsets Ai of A onto single elements f(Ai) such that 
f(Ai) 6A i  (1 ~<i~<2 ~-  1), 
there must exist a decreasing sequence of ~ subsets of A, say, 
AD BID B~D ""D B~, (1) 
A D B = {h, i2, ..., i~}, 
where 1 ~ i1</2  < i3  <""  < i t  ~m,  we then choose f(B) as the 
ur-th member of B in this ordering, 
where (u~) is defined by 
u2%~ = 2 q - -  p 
f (B)  = iu,, 
(0 ~< p < 2 q, 
We will prove the following: 
THEOREM. 
2~-1  
0 ~q < or). 
The value of n(~) in Harzheim's theorem can be taken to be 
302 
such that 
/(Ba) = f(B2) . . . . .  f(B~). (2) 
It is not difficult to construct a mapp ingfon  any set A o fm = 2 ~-1 --  1 
elements which has no strictly decreasing sequence of subsets of form (1) 
satisfying (2). In fact, if we conceive of A as being formed by the first m 
positive integers o that A is ordered and consider any subset B 
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PROOF: Let A = {1, 2 ..... n}. The result is trivial i f~  = 1. Suppose 
> 1. We construct a decreasing sequence of subsets of A. Let X~ = A 
and suppose )(1 ~ X~, ,.., J(~-i have been defined, where 2 ~< r ~< n. We 
choose X~ so that I X~[ = n -- r + 1, X~ C J[r~. 1 , and 
Pr = ]{i : f (X~)  e Xr  , 1 <~ i ~ r - -  1}l 
is a maximum. By the construction process P2 = 1 and 
p~+l>~p~+l__ [  p~+l  ] (2~<r<n) .  (3) 
n- - r+ l  
For2~<r  ~<nlet  
n - - r+ 1 =2 a(~+b(r ) ,  
0 ~< b(r) < 2 ~m. We will prove by induction on where 0 ~< a(r)  and 
r that (3) implies that for 2 ~< r ~< n, 
p~ >~ 2 a(~)+l q- (n --  r q- 1)(~ --  a(r) - -  3). (4) 
This is valid for r = 2. Suppose it is valid for fixed r, 2 ~< r < n, and let 
p,. = 2 ~c~)+1 + (n - -  r + 1)(~ --  a(r) - -  3) + fl~, 
where fl~ ~> 0. Then by (3) 
Pr+l >~ 2 a(~)+l -t- (n -- r q- 1)(a - -  a(r) -~ 3) + fl~ + 1 
r 2"(~)§ -~ (n - r -k- 1)(~ a(r) - -  3) -}- fir q- 1 .] 
t n- - r+ l  l 
= 2 ~(')+1 + (n - -  r)(c~ - -  a(r) - -  3) + fl~ + 1 
[ 2a(r)+l -i t- fir -{- 1 ] (5) t T J" 
There are two cases: 
CASE (i): b(r) = O, a(r + I) + I = a(r) >~ 1. 
In this case, (5) gives 
3, + 1 
P,-+x >~ 2"(~+1)+~ -k- (n - -  r ) (~-  a(r -+- 1) -- 4) + 1 -]- fl~ -- [2 -q- 2air) "] 
= 2a(r+l)+xq - (n - - r ) (a - -  a(r +1) - -  3 )+ f i r -  [ ~ ] .  
I. X . - " "  J 
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The last two terms of  this expression satisfy 
t~r-  t ~ J  >~#r-  ~ >/0. 
CASE (ii): b(r) >i !, a(r -k 1) = a(r) >~ 1. 
In this case, (5) gives 
Pr+l >~ 2 a~r+l~+x  (n -- r)(o~ -- a(r + 1) -- 3) +/3  r + i 
2 a~r)+x q- fir q-- 1 
- - [  2,,r, q_ 1 ] "  
The last three terms of this expression satisfy 
2 a~r~+l fir + 1 
13r+ 1 - -  [ 2~,r, + 1 ]=f i r+ l - - [2+ 
~>#r+l - - [2+~r- -2  1] 
= /3r -- --~--] ~> O. 
Hence in both cases 
Pr+l >~ 2 atr+l~+l + (n -- (r + 1) -- 1)(a --  a(r + 1) -- 3), 
and so (4) is valid for 2 ~< r ~< n. In particular for r = n, a(r) ---- 0, and so 
p~ ~>2+(o~- -3) - - - -~- -  1. 
Hence, since f(X~) ~ X~ , 
]{i: f(Xi) ~ Xn, 1 ~< i ~< n}[ /> 
and as Xn contains only one element he theorem is proved. 
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